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ON RELATIVE GROMOV–WITTEN INVARIANTS OF PROJECTIVE
COMPLETIONS OF VECTOR BUNDLES
CHENG-YONG DU
ABSTRACT. It was proved by Fan–Lee and Fan that the absolute Gromov–
Witten invariants of two projective bundles P(Vi) → X are identi-
fied canonically when the total Chern classes c(V1) = c(V2) for two
bundles V1 and V2 over a smooth projective variety X . In this note
we show that for the two projective completions P(Vi ⊕O ) of Vi and
their infinity divisors P(Vi), the relative Gromov–Witten invariants of
(P(Vi ⊕O ),P(Vi)) are identified canonically when c(V1) = c(V2).
1. STATEMENT OF THE MAIN RESULT
Let Vi → X , i = 1,2 be two rank n vector bundles over a smooth pro-
jective variety X . Denote the total Chern classes of Vi, i = 1,2 by
c(Vi) := 1+ c1(V1) + . . .+ cn(Vi).
Suppose that c(V1) = c(V2). Let Yi := P(Vi ⊕ OX ) be the projective
completion (or projectification) of Vi. Denote the projection maps by
πi : Yi → X . By Leray–Hirsch we get
H∗(Yi) =
H∗(X )[yi]
(yn+1
i
+ yn
i
c1(Vi) + . . .+ yicn(Vi))
, i = 1,2,
where yi = c1(OYi(1)) is the first Chern class of the dual bundle of the
tautological line bundle OYi(−1) over Yi.
Because the Chern classes of V1 and V2 agree, we have the following
isomorphism
FY : H
∗(Y1)
∼= H∗(Y2),
satisfyingFY (π
∗
1
(σ)) = π∗
2
(σ),FY (y1) = y2. As to their numerical curve
classes, there is a unique isomorphism (see also [FL16, Fan17])
Ψ : N1(Y1)
∼= N1(Y2)
determined by the property
〈D,β〉Y1 = 〈FY (D),Ψ(β)〉Y2,
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where D ∈ H2(Y1;Z) and 〈·, ·〉Yi are the Poincaré pairings of Yi.
In fact, we have
N1(Yi) = ιi,∗(N1(X ))⊕Z[Fi],
where for i = 1,2, Fi is the fiber class of π : Yi → X , and ιi : X → Yi is
the inclusion as the zero section P(0⊕OX ) in Yi. Then
Ψ(ι1,∗(β) + dF1) = ι2,∗(β) + dF2.
Similarly for the projectivization Zi := P(Vi), which is the infinite di-
visor in Yi via the inclusion ιi : Zi = P(Vi ⊕ 0) ,→ Yi for i = 1,2, we
have
H∗(Zi) =
H∗(X )[zi]
(zni + z
n−1
i c1(Vi) + . . .+ cn(Vi))
,
where
zi = c1(OZi(1)) = ι
∗
i
(c1(OYi(1))) = ι
∗
i
(yi).
We also have
FZ : H
∗(Z1)
∼= H∗(Z2)
satisfying FZ(π
∗
1
(σ)) = π∗
2
(σ) and FZ(z1) = z2. Since via the inclusions
ιi we could identify the fiber classes of Yi → X and Zi → X , Ψ restricts to
N1(Z1)
∼= N1(Z2). Our main theorem is
Theorem 1.1. Let X be a smooth projective variety, and V1,V2 be two rank
n vector bundles over X . Let Y1,Y2, FY ,FZ be the same as above. Sup-
pose c(V1) = c(V2). Then we have the following equality between relative
Gromov–Witten invariants¬
̟
µ¶Y1,Z1
g ,m,β ,~µ
=
¬
FY (̟)
FZ(µ)¶Y2,Z2
g ,m,Ψ(β),~µ
(1.1)
with
̟= (τk1α1, . . . ,τkmαm),
FY (̟) = (τk1FY (α1), . . . ,τkmFY (αm))
for any cohomology classes α1, . . . ,αm ∈ H
∗(Y1) and any set of nonnegative
numbers k1, . . . , km, any curve class β ∈ N1(Y1), any genus g ∈ N and any
H∗(Z1)-weighted partition of [Z1] · β
µ= ((µ1,γ1), . . . , (µℓ(µ),γℓ(µ)))
with γi ∈ H
∗(Z1), ~µ= (µ1, . . . ,µℓ(µ)), and
FZ(µ) = ((µ1,FZ(γ1)), . . . , (µℓ(µ),FZ(γℓ(µ)))).
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We prove Theorem 1.1 via virtual localization for relative Gromov-
Witten invariants [GV05], the topological view for Gromov–Witten the-
ory of Maulik–Pandharipande [MP06], and the results of Fan–Lee [FL16]
and Fan [Fan17] on the uniqueness of absolute Gromov–Witten theory
of projective bundles.
In proving this theorem we need to consider the rubber invariants of
the projective completions of the normal line bundles of Zi in Yi for i =
1,2. The normal line bundles of Zi in Yi are OZi (1). For simplicity we
denote them by Li. The projective completions of Li are
Wi := P(Li ⊕OZi ),
with projection π˜i :Wi → Zi. Their cohomologies are
H∗(Wi) =
H∗(Zi)[wi]
(w2
i
+ ziwi)
, for i = 1,2,
withwi = c1(OWi(1)). Thenwe also have an identificationFW : H
∗(W1)
∼=
H∗(W2) satisfying FW (π˜
∗γ) = π˜∗(FZ(γ)) for γ ∈ H
∗(Z1) and FW (w1) =
w2. Therefore one can see that FW is determined by FZ .
In the following we denote all fibration projections from Yi, Zi,Wi to
X by πi, the fibration projections fromWi to Zi by π˜. Then πi = πi ◦ π˜i :
Wi → X . The fiber of π˜ :Wi → Zi is P
1, the fiber of π :Wi → X is the one
point blow-up of Pn, i.e. the projective completion of OPn−1(1). Denote
the fiber class of π˜ by F˜i, and the fiber class of π : Zi → X and π : Yi → X
by Fi. We could extend Ψ : N1(Z1)
∼= N1(Z2) to
Ψ : N1(W1)
∼= N1(W2), Ψ(ι˜1,∗(β) + d[F˜1]) = ι˜2,∗(Ψ(β))+ d[F˜2],
where ι˜i : Zi →Wi are the inclusions as zero sections for i = 1,2.
In the following, when we consider a single vector bundle V → X , all
notations above apply.
2. RELATIVE GROMOV–WITTEN INVARIANTS OF FIBER CLASS
We first consider fiber class relative Gromov–Witten invariants, i.e.
those invariants with homology class being a fiber class of π : Yi → X .
We consider a single vector bundle V → X . Let F denote the fiber class
of π : Y = P(V ⊕ OX )→ X , Z be the infinite divisor P(V ) of Y . Follow-
ing [MP06], we see that fiber class relative Gromov–Witten invariants
of (Y, Z) reduces to relative Gromov–Witten invariants of (Pn,Pn−1) as
follow. Consider a fiber class relative moduli space of (Y, Z)
M g ,m,dF,~µ(Y, Z).
There is a fibration structure
M g ,m,dF,~µ(P
n,Pn−1) ,→M g ,m,dF,~µ(Y, Z)
π
→ X
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whose fiber is the relative moduli space of (Pn,Pn−1). This fibration in-
duces a π-relative virtual fundamental class [M g ,m,dF,~µ(Y, Z)]
virπ such
that
[M g ,m,dF,~µ(Y, Z)]
vir = c(TX ⊠E)∩ [M g ,m,dF,~µ(Y, Z)]
virπ ,
where E is the Hodge bundle. We then have
[M g ,m,dF,~µ(Y, Z)]
vir
=
∑
q
hq(c1(E), c2(E), . . .)tq(c1(TX ), c2(TX ), . . .)∩ [M g ,m,dF,~µ(Y, Z)]
virπ .
Therefore for
αi = π
∗(σi)y
ai , µ= (. . . , (µ j,π
∗(γ j)z
b j), . . .)
with σi,γ j ∈ H
∗(X ), we have¬
τk1α1, . . . ,τkmαm
µ¶Y,Z
g ,m,dF,~µ
=
1
|Aut(µ)|
∑
q
∫
X
tq
∏
i
σi
∏
j
γ j
∫
[M g,m,dF,~µ(Y,Z)]
virπ
hq
∏
i
(ψ
ki
i
yai )
∏
j
z b j

The integration ∫
[M g,m,dF,~µ(Y,Z)]virπ
hq
∏
i
(ψ
ki
i
yai )
∏
j
z b j
are obtained from the Hodge integrals of descendent relative Gromov-
Witten invariants of (Pn,Pn−1), which only depends on ~µ, (k1, . . . , km),
(a1, . . . , am) and (b1, . . . , bℓ(µ)). The transformations FY and Ψ do not
change these datum. Therefore Theorem 1.1 holds for fiber class relative
Gromov–Witten invariants of (Yi, Zi).
3. RELATIVE GROMOV–WITTEN INVARIANTS WITH GENERAL HOMOLOGY
CLASSES
In this section we consider Gromov–Witten invariants of (Yi, Zi) with
general homology classes.
3.1. Relative virtual localization. We first also consider a single vector
bundle V → X . Then we have Y = P(V ⊕OX ), Z = P(V ), W = P(L⊕OZ)
with L = OZ(1) being the normal line bundle of Z in Y as in Section 1.
W has the zero section Z0 and the infinite section Z∞, which are both
isomorphic to Z . We also use F to denote the fiber class of π : Y → X
and π : Z → X , and F˜ to denote the fiber class of π˜ :W → Z .
We consider relative Gromov–Witten invariants with non-fiber homo-
logical classes of (Y, Z). After [MP06], we use virtual localization for
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relative Gromov–Witten invariants, which was worked out explicitly by
Graber and Vakil [GV05], to reduce relative Gromov–Witten invariants of
(Y, Z) into twisted Gromov–Witten invariants of X with twisting coming
from V and rubber invariants of (W, Z0⊔Z∞). Then via the rubber calcu-
lus in [MP06, Section 1.5], the rubber invariants are related to fiber class
relative Gromov–Witten invariants and distinguished type II invariants of
(W, Z0⊔Z∞). At last distinguished type II invariants of (W, Z0⊔Z∞), are
determined by an induction algorithm in [MP06] with fiber class relative
Gromov–Witten invariants as the initial data.
Take a self dual basis
Σ⋆ := {σi}1≤i≤N
of H∗(X ).
Consider the invariant of (Y, Z)¬
̟
µ¶Y,Z
g ,m,β ,~µ
(3.1)
with
̟= (τk1α1, . . . ,τkmαm)
and
µ= ((µ1,γ1), . . . , (µℓ(µ),γℓ(µ))).
Denote the correspondingmoduli space byM Γ with Γ denoting the topo-
logical data
Γ := (g,m,β , ~µ).
Then β = π∗(β) + dF with d ≥ 0, π∗(β) ∈ N1(X ), and |~µ|=
∑
i µi = d.
There is a C∗-action on Y = P(V ⊕ OX ) via dilation on the fiber of V .
This action has two fixed loci:
• one is X embedded into Y as the zero section, whose normal
bundle is V → X ,
• the other one is the infinite divisor Z = P(V ⊕ 0) = P(V ), whose
normal bundle is OZ(1), denoted by L.
Stable maps in M Γ consists of two types, those mapped to the rigid
target (Y, Z), and those mapped to a non-rigid target (Y [l], Z). Here
Y [l] is obtained as follow. Take l copies of W . Denote the zero section
and infinity section of the i-th copy of W by Z0,i and Z∞,i, 1 ≤ i ≤ l. We
first glue the l copies of W together to get W [l] via identifying Z0,i with
Z∞,i+1 for 1 ≤ i ≤ l − 1. Then Y [l] is obtained by gluing Y with W [l]
by identifying Z with Z∞,1 ∈W [l]. We sometimes denote the Z in Y by
Z0,0. Then
Sing(Y [l]) = Z ⊔
l−1∐
i=1
Z0,i =
l∐
i=1
Z∞,i.
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The Y in Y [l] is called the root, and the rest W [l] is called rubber.
Therefore there are two types of fixed locus of the induced C∗-action
onM Γ . A component of the fixed loci consisting of general stable maps
with target Y is call a simple fixed locus. Otherwise, it is called a com-
posite fixed locus. We denote the simple fixed locus byM
simple
Γ
. Denote
the virtual normal bundle ofM
simple
Γ
inM Γ by NΓ .
Any element of a composite fixed locus is of the form f : C ′ ∪ C ′′ →
Y [l] (l ≥ 1), such that the restrictions f ′ : C ′ → Y and f ′′ : C ′′ → W [l]
agree over the nodes {N1, · · · ,Nℓ}= C
′ ∩ C ′′. Suppose the contact order
of f ′ at Ni, i.e. at Z∞,1(= Y ∩W [l]) in Y [l], is ηi for 1 ≤ i ≤ ℓ. Let Γ
′
be the topological data corresponding to f ′ and Γ ′′ the topological data
corresponding to f ′′. (Here Γ ′′ denote the genus, absolute markings, de-
gree and contact orders of relative markings relative to both Z0,l inW [l]
and contact orders at those nodes Ni, 1 ≤ i ≤ ℓ.) Any two of {Γ , Γ
′, Γ ′′}
determine the third, and Γ ′ gives us a simple fixed locus M
simple
Γ ′
, and
f ′ ∈M
simple
Γ ′
.
Denote by M
∼
Γ ′′
the moduli space of relative stable maps to the rub-
ber (see Graber–Vakil [GV05], Maulik–Pandharipande [MP06]). Then
the fixed locus F Γ ′,Γ ′′ corresponding to a given Γ
′ and Γ ′′ is canonically
isomorphic to the quotient of the moduli space
M Γ ′,Γ ′′ :=M
simple
Γ ′
×(Z)ℓ M
∼
Γ ′′
by the finite group Aut( ~η), which consists of permutations of {1, . . . ,ℓ}
preserving
~η= (η1, . . . ,ηℓ).
Denote the quotient map by gl:
gl :M Γ ′,Γ ′′ →FΓ ′,Γ ′′.
Set
[M Γ ′,Γ ′′]
vir :=∆!([M
simple
Γ ′
]vir × [M
∼
Γ ′,Γ ′′
]vir)
where ∆ : Zℓ → Zℓ × Zℓ is the diagonal map. Then we have [GV05]
[F Γ ′,Γ ′′]
vir =
1
|Aut( ~η)|
gl∗[M
Γ
′,Γ ′′
]vir.
The virtual normal bundle of the composite locusF Γ ′,Γ ′′ consists of two
parts. The first part is the virtual normal bundle NΓ ′ ofM
simple
Γ ′
in M Γ ′ .
The second part is a line bundleL corresponding to the deformation (i.e.
smoothing) of the singularity D∞,1(= Y ∩W[l]) inW [l]. The fiber of this
line bundle over a point in the fixed locus is canonically isomorphic to
H0(Z ,NZ |Y ⊗NZ∞,1 |W [l]). The line bundle NZ |Y ⊗NZ∞,1 |W[l] = L⊗ L
∗ = OZ is
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trivial over Z , so its space of global sections is one-dimensional, and we
can canonically identify this space of sections with the fiber of the line
bundle at a generic point “pt” of Z . Thus we can write the bundle L as
a tensor product of bundles pulled back from the two factors separately.
The one coming from M Γ ′ is trivial, since it is globally identified with
H0(pt ,NZ |Y

pt
), but it has a nontrivial torus action; we denote this weight
by t . The line bundle coming fromM
∼
Γ ′′
is a nontrivial line bundle, which
has fiber H0(pt ,NZ∞,1|W[l]

pt
), but has trivial torus action. We denote its
first Chern class by Ψ∞.
The relative virtual localization for relative Gromov–Witten invariants
(cf. [GV05, Theorem 3.6]) is
[M Γ ]
vir =
[M
simple
Γ
]vir
e(NΓ )
+
∑
M
Γ ′,Γ ′′ composite
(
∏
i ηi)gl∗[M Γ ′,Γ ′′]
vir
|Aut( ~η)|e(NΓ ′)(t +Ψ∞)
.(3.2)
We next describe explicitly the fixed loci ofM Γ . We first consider the
simple fixed locusM
simple
Γ
. An equivalent class of maps [ f : (C , ~x , ~y)→
(Y, Z)] in the simple fixed locus must have the following form:
• (C , ~x , ~y) with absolute markings ~x = (x1, . . . , xm), and relative
markings ~y = (y1, . . . , yℓ(µ)) is of the form
C = C0 ∪ C1 ∪ . . .∪ Cℓ(µ)
with C0∩Ci = {Ni} being a nodal point, called distinguished node,
and Ci ∩ C j = ∅ for 1 ≤ i < j ≤ ℓ(µ). Moreover x i ∈ C0, 1 ≤ i ≤
m, and y j ∈ C j, 1≤ j ≤ ℓ(µ).
• C0 is a genus g pre-stable curves with m marked points ~x and
ℓ(µ)marked points ~n = (N1, · · · ,Nℓ(µ)) corresponding to the ℓ(µ)
distinguished nodes.
• For 1≤ i ≤ ℓ(µ), each Ci is a Riemann sphere with a marking yi
and a marking Ni corresponding to the i-th distinguished node.
• f : (C0, ~x ⊔ ~n) → X is a genus g degree π∗(β) stable maps
to X , and whose equivalent class belongs to the moduli space
M g ,m+ℓ(µ),π∗(β)(X ).
• For 1 ≤ i ≤ ℓ(µ), f : (Ci, yi,Ni)→ Y is a total ramified covering
of a line in the fiber of π : Y → X that connects a point in Z and
a point in X , the degree is determined by the contact order at
Z . Hence [ f : (Ci, yi,Ni)→ Y ] is in the simple fixed loci of the
moduli space
M 0,1,µi[F],(µi)(Y, Z),
the moduli space of fiber class µi[F] stable maps from Riemann-
ian spheres with exactly one absolute marking mapped to Y and
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one relative marking mapped to Z with contact order µi. For
simplicity, we denote this simple fixed locus byM
simple
µi
. Denote
the disconnected union of M 0,1,µi[F],(µi)(Y, Z) by M
•
µ
, and the
disconnected union of simple fixed locusM
simple
µi
byM
•,simple
µ
.
Therefore, the simple fixed locus M
simple
Γ
is obtained by gluing stable
maps in M g ,m+ℓ(µ),π∗(β)(X ), and stable maps in M
•,simple
µ
along the ab-
solute marked points of C0 and Ci corresponding to those distinguished
nodes ~n. Moreover
gl :M
simple
µ
×X ℓ(µ)M g ,m+ℓ(µ),π∗β(X )→M
simple
Γ
is a degree |Aut(~µ)| cover. The fiber product is taken with respect to
the evaluation maps at the marked points out of the ℓ(µ) distinguished
nodes ~n of C .
The tangent space T 1
(C ,~x,~y , f )
and the obstruction space T 2
(C ,~x,~y, f )
at a
moduli point [(C , ~x , ~y , f )] ∈ M
simple
Γ
fit in the following long exact se-
quence of C∗-representations:
0→ Aut(C , ~x , ~y)→ Def( f )→ T 1
(C ,~x,~y, f )
→
→ Def(C , ~x , ~y)→ Obs( f )→ T 2
(C ,~x,~y , f )
→ 0,
where
• Aut(C , ~x , ~y) = Ext0(ΩC(
∑
i x i +
∑
j y j)OC) is the space of infini-
tesimal automorphism of the domain (C , ~x , ~y). We have
Aut(C , ~x , ~y) = Aut(C0, ~x , ~n)⊕
ℓ(µ)⊕
i=1
Aut(Ci, yi,Ni),
• Def(C , ~x , ~y) = Ext1(ΩC(−
∑
i x i −
∑
j y j),OC) is the space of in-
finitesimal deformation of the domain (C , ~x , ~y). We have a short
exact sequence of C∗-representations:
0→ Def(C0, ~x , ~n)→ Def(C , ~x , ~y)→
ℓ(µ)⊕
i=1
TNiC0 ⊗ TNiCi → 0,
• Def( f ) = H0(C , f ∗(TY (−Z))) is the space of infinitesimal defor-
mation of the map f , and
• Obs( f ) = H1(C , f ∗(TY (−Z))) is the space of obstruction to de-
forming f .
Let
B1 = Aut(C , ~x , ~y), B2 = Def( f ), B4 = Def(C , ~x , ~y), B5 = Obs( f )
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and let B
f
i and B
m
i
be the fixed and moving parts of Bi with respect to the
induced C∗-action. Then
1
eC∗(NΓ )
=
eC∗(B
m
5
)eC∗(B
m
1
)
eC∗(B
m
2 )eC∗(B
m
4 )
.
On the other hand we have the following exact sequence
0→OC →
⊕
0≤i≤ℓ(µ)
OCi →
⊕
1≤i≤ℓ(µ)
OCFi
→ 0.(3.3)
Here Fi is the flag corresponding to the node Ni and C0.
Denote by E = f ∗(TY (−Z)). Then the exact sequence (3.3) gives us
the following exact sequence
0→ H0(C , E)→
⊕
0≤i≤ℓ(µ)
H0(Ci, E)→
⊕
1≤i≤ℓ(µ)
ENi
→ H1(C , E)→
⊕
0≤i≤ℓ(µ)
H1(Ci, E)→ 0.
Then the normal bundle NΓ ofM
simple
Γ
inM Γ consists of
• the normal bundle N •
µ
=
∐
iNµi ofM
•,simple
µ
inM
•
µ
;
• the contribution from deforming maps along X : H0(C0, f
∗V )−
H1(C0, f
∗V );
• the contribution fromdeforming the distinguished nodes: TNiC0⊗
TNiCi − V | f (Ni), 1≤ i ≤ ℓ(µ).
Denote the last two contribution by ΘΓ , it contains psi-class out of TNiC0
and Chern class of V . Actually, the second item contributes the twisting
coming from V for twisted invariants of X .
Then we get∫
[M
simple
Γ
]vir
ev∗
~x
̟∪ ev∗
~y
µ
eC∗(N
vir
Γ
)
=
1
|Aut(~µ)|
·
∑
σ=(σ j1 ,...,σ jℓ(µ)
) in the
chosen basis Σ⋆ of H
∗(X )
∫
[M
•,simple
µ ]
vir
ev∗
~y
µ∪ ev∗
~n
σˇ
eC∗(N •µ )
·
∫
[M g,m+ℓ(µ),π∗(β)(X )]
vir
ev∗
~x
̟∪ ev∗
~n
σ
ΘΓ

where the sum is taken over all possible ℓ(µ)-tuples of the chosen basis
Σ⋆ of H
∗(X ), and
∫
[M
•,simple
µ ]
vir
ev∗
~y
µ∪ ev∗
~n
σˇ
eC∗(N •µ )
=
ℓ(µ)∏
i=1
∫
[M µi ]
simple
ev∗
yi
(γi)∪ ev
∗
Ni
(σˇ ji )
eC∗(Nµi )
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is a product of fiber class (1+1)-point relative Gromov–Witten invari-
ants of (Y, Z). Such invariants were computed by Hu–Li–Ruan [HLR08,
Section 7] and depend only on ~µ.
The invariant ∫
[M g,π∗β ,m+ℓ(µ)(X )]
vir
ev∗
~x
̟∪ ev∗
~n
σ
ΘΓ
is a Hodge integral over the twisted Gromov–Witten invariant of X with
twisting coming from the bundle V , which by the Quantum Riemann–
Roch of Coates–Givental [CG07], is determined by the Gromov–Witten
theory of X and the total Chern class of V → X .
We next consider composite fixed locus. Recall that a composite fixed
locus is of the form
F Γ ′,Γ ′′ = gl(M
simple
Γ ′
×Zℓ( ~η)M
∼
Γ ′′
).
with contribution being∏
i ηi
Aut( ~η)
·
gl∗∆
!([M
simple
Γ ′
×M
∼
Γ ′′
]vir)
e(NΓ ′)(t +Ψ∞)
.
By the analysis for simple fixed locus, the contributions fromM
simple
Γ ′
are
determined by Gromov–Witten invariants of X and total Chern class of
the bundle V . Therefore, the contributions of F Γ ′,Γ ′′ reduce to rubber
invariants corresponding toM
∼
Γ ′′
, which are rubber invariants with Ψk
∞
-
integrals of (W, Z0 ⊔ Z∞). Let β
′ and β ′′ denote the homology classes of
Γ
′ and Γ ′′ respectively, then
β = π∗(β) + d[F], β
′ = π∗(β
′) + d ′[F], β ′′ = π˜∗(β
′′) + d[F˜]
with β = β ′ + π˜∗(β
′′), hence π˜∗(β
′′) = π∗(β)−π∗(β
′) + (d − d ′)[F].
We denote the rubber invariants of (W, Z0 ⊔ Z∞) by¬
µ
̟ ·Ψk∞
ν¶∼
g ,β
.(3.4)
Note that here the ̟ may be just a part of the initial one in (3.1), g
may less than the g in (3.1), and β is just the previous β ′′. There maybe
disconnected rubber invariants in the contributions of F Γ ′,Γ ′′.
3.2. Rubber invariants. Via a boundary strata analysis and rigidifica-
tion in [MP06, Section 1.5], rubber invariants of (W, Z0⊔Z∞) in (3.4) are
determined by fiber class relative Gromov–Witten invariants of (W, Z0 ⊔
Z∞) and distinguished type II invariants of (W, Z0 ⊔ Z∞), i.e. invariants
of the form: ¬
µ
τ0([Z0] ·δ) ·̟
ν¶
g ,β
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with δ ∈ H>0(Z), where we omit the superscript (W, Z0 ⊔ Z∞). Denote
this invariant by R. There is a partial order
◦
< (cf. [MP06, Section 1.3])
over all distinguished type II invariants. Distinguished type II invariants
are determined by induction via three relations in [MP06, Section 1].
The three relations express the invariant R as a summation of products
of twisted Gromov–Witten invariants of Z with twisting coming from L∗,
and distinguished type II invariants R′ that are lower than R with respect
to the partial order
◦
<. We have (cf. [MP06])
CR
¬
µ
τ0([Z0] ·δ) ·̟
ν¶
g ,β
(3.5)
=
∑
||̟′||≤||̟||,m≥0
degµ′≥degµ
degν′≥degν+1
Cµ′,̟′,ν′ ·
¬
µ′
τ0([Z0] ·H · c1(L)m) ·̟′
ν′¶
g ,β
+
∑
||̟′||≤||̟||,m≥0
degµ′≥degµ+1
degν′≥degν
Cµ′,̟′,ν′
¬
µ′
τ0([Z0] ·H · c1(L)m) ·̟′
ν′¶
g ,β
−
∑
||̟′||≤||̟||,m≥0
degµ′≥degµ
degν′≥degν
Cµ′,̟′,ν′
¬
µ′
τ0([Z0] ·δ · c1(L)m+1) ·̟′
ν′¶
g ,β
−
∑
||̟′′||≤||̟||,m≥0
degµ′′≥degµ+1
degν′′≥degν
Cµ′′,̟′′,ν′′
¬
µ′′
τ0([Z0] ·H · c1(L)m) ·̟′′
ν′′¶
g ,β
−
∑
R′
g,β
: distinguished type II,R′
◦
<R
CR,R′R
′ + · · · ,
where
(1) CR is a constant depending on ~ν;
(2) all C∗,∗ and C∗,∗,∗ are fiber invariants of (W, Z0) and (W, Z0 ⊔ Z∞);
(3) H is a degree 2 class in H2(Z) such that H · π˜∗(β) 6= 0;
(4)̟′ and ω′′ are parts of̟;
(5) µ′,ν′,µ′′ and ν′′ are new weighted partitions of β · [Z0],
(6) R′ denote those distinguished type II invariants of (W, Z0⊔Z∞) that
have genus g and homology class β but are lower than R with respect to
the partial order
◦
<.
(7) We next focus on “· · · ”. In the original relations (cf. [MP06, Rela-
tion 1, Relation 2 and Relation 2’]), “· · · ” stands for distinguished type
II invariants of (W, Z0 ⊔ Z∞) and relative Gromov–Witten invariants of
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(W, Z0) with homology class β
′ such that β − β ′ is effective or β = β ′
but genus g ′ < g. However, by virtual localization the latter ones are
determined by Hodge integrals in twisted Gromov–Witten invariants of
Z with twisting coming from OZ(−1) = L
∗, the normal bundle of Z∞
in W , and rubber invariants of (W, Z0 ⊔ Z∞) with β − β
′ is effective or
β = β ′ but genus g ′ < g. The latter one are determined by distinguished
type II invariants of (W, Z0⊔Z∞) that are lower than R. Therefore, in the
formula above we use “· · · ” to stand for combination of Hodge integrals
in twisted Gromov–Witten invariants of Z with twisting coming from
L∗,and distinguished type II invariants of (W, Z0 ⊔ Z∞) with homology
class β ′ such that β − β ′ is effective or β = β ′ but genus g ′ < g.
4. PROOF OF THEOREM 1.1
Now consider Vi → X , i = 1,2 that satisfy the conditions in Theo-
rem 1.1. First of all, the fiber class relative Gromov–Witten invariants of
(Yi, Zi) are identified via (1.1) by the analysis in Section 2.
We next consider non fiber class relative Gromov–Witten invariants.
By virtual localization, the contributions from simple fixed loci for the
invariants in (1.1) of both (Yi, Zi) are identified via FY ,FZ and Ψ. We
next show that we could identify the contributions from composite fixed
loci. We only need to show that rubber invariants of (Wi, Zi,0 ⊔ Zi,∞),
and fiber class relative Gromov–Witten invariants of (Wi, Zi,0⊔ Zi,∞) and
(Wi, Zi,0) are identified viaFZ andFZ(z1) = z2 by the analysis in Section
3.2.
All fiber class relative Gromov–Witten invariants of (Wi, Zi,0) and (Wi, Zi,0⊔
Zi,∞) are identified similar as the analysis in Section 2 or [MP06, Section
1.2] as follow. Note that we identified w1 with w2. Then by the analysis
in Section 2 or [MP06, Section 1.2], the fiber class relative invariants of
(Wi, Zi,0) and (Wi, Zi,0⊔ Zi,∞) are identified once we identify the integra-
tion over Zi of cohomology classes in H
∗(Zi). In fact, this is identified
by FZ : H
∗(Z1)
∼= H∗(Z2) and FZ(z1) = z2. Hence the fiber class relative
Gromov–Witten invariants of (Wi, Zi,0) and (Wi, Zi,0⊔Zi,∞) are identified
via FZ .
Now we consider rubber invariants of (Wi, Zi,0 ⊔ Zi,∞). The boundary
strata analysis and rigidification procedure are identified via FZ and Ψ
automatically from the presentation in [MP06, Section 1.5]. So we only
need to show that we can identify distinguished type II invariants of
(Wi, Zi,0 ⊔ Zi,∞). First of all, via FW (determined by FZ) we could get
a one-to-one correspondence between distinguished type II invariants
of (Wi, Zi,0 ⊔ Zi,∞) for i = 1,2. We use R to denote the invariant for
(W1, Z1,0⊔ Z1,∞) and F (R) for (W2, Z2,0⊔ Z2,∞). Via the induction (3.5),
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one can see that after assuming that all invariants R′
◦
< R are identified,
once we fix the H ∈ H∗(Z1) for (W1, Z1,0 ⊔ Z1,∞) in (3.5) and use the
corresponding F (H) for (W2, Z2,0 ⊔ Z2,∞) in (3.5), the invariant R of
(W1, Z1,0⊔Z1,∞) is identified with the invariantF (R) of (W2, Z2,0⊔Z2,∞)
if the Hodge integrals in twisted Gromov–Witten invariants of Zi with
twisting coming from OZi (−1) are identified. However, via the Quantum
Riemann–Roch [CG07] the twisted invariants of Zi are determined by
invariants of Zi and c1(OZi(−1)). Since FZ(c1(OZ1(−1))) = c1(OZ2(−1))
that is FZ(−z1) = −z2 by the definition of FZ , the result for absolute
Gromov–Witten invariants of projective bundles of Fan [Fan17, Theorem
A] applies. This finished the proof of Theorem 1.1.
4.1. Gromov–Witten theory of blow-up along complete intersection.
By Theorem 1.1, we could give an alternative proof of [MP06, Conjecture
2] besides the proofs given by Fan in [Fan17], and by Chen, Wang and
the author in [DCW17].
Conjecture 4.1 (Maulik–Pandharipande). Let Z ⊂ X be a complete inter-
section of l divisors W1, . . . ,Wl of X , X˜ be the blow-up of X along Z. The
descendent absolute Gromov–Witten invariants of X˜ are determined by the
restriction map H∗(X )→ H∗(Z) and descendent absolute Gromov–Witten
invariants of X and Z.
Proof. By the degeneration formula (cf. [LR01, Li02, IP04]), Gromov–
Witten invariants of X˜ are determined by relative Gromov–Witten in-
variants of (X ,P(N)), and (P(N ⊕ OZ),P(N)), where N is the normal
bundle of Z in X . Maulik–Pandharipande proved that relative Gromov–
Witten invariants of (X ,P(N)) are determined by absolute invariants of
X and P(N). By Theorem 1.1, relative Gromov–Witten invariants of
(P(N ⊕ OZ),P(N)) are determined by Gromov–Witten invariants of Z
and c(N). Meanwhile c(N) is determined by H∗(X ) → H∗(Z). On the
other hand, absolute Gromov–Witten invariants of P(N) is determined by
Gromov–Witten invariants of Z and c(N) too as proved by Fan [Fan17].
This proves the conjecture. 
Fan [Fan17] proved this conjecture by first reducing relative Gromov–
Witten invariants of (P(N ⊕ OZ),P(N)) to absolute Gromov–Witten in-
variants of P(N⊕OZ) and P(N) via the absolute/relative correspondence
result of Maulik–Pandharipande [MP06] and Hu–Li–Ruan[HLR08], then
applying results on the uniqueness of absolute Gromov–Witten invari-
ants of projective bundles proved in [FL16, Fan17].
On the other hand, for the case considered in the conjecture, N splits
into a direct sum of line bundles. By Maulik–Pandharipande’s result, the
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relative invariants of (X ,P(N)) and (P(N⊕OZ),P(N)) are determined by
absolute Gromov–Witten invariants of X ,P(N),P(N⊕OZ). We could then
apply virtual localization [GP99] with respect to a (C∗)l-action on P(N)
and P(N⊕OZ) to show that the absolute invariants of P(N) and P(N⊕OZ)
are determined by twisted invariants of Z with twisting coming from N ,
which by Quantum Riemann–Roch [CG07] are determined by Gromov–
Witten invariants of Z and c(N). This procedure was done previously by
Chen, Wang and the author in [DCW17] for complete intersection in the
more general orbifold case.
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